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Abstract—A finite difference method has been developed for the solution of turbulent tube flows of
effectively binary, ideal gas mixtures undergoing equilibrium or nonequilibrium chemical reactions, and
with mass injection at the tube wall. Axial diffusion of mass species, momentum and thermal energy are
neglected in order to yield parabolic governing conservation equations. The van Driest formulation for the
eddy diffusivity has been extended to include the effects of variable properties and surface mass transfer.
Computational procedures have been developed for incorporating the eddy diffusivity model into turbulent
flow calculations for both internal and external boundary layer flows.

The overall numerical method has been applied to flows of non-reacting air, equilibrium mixtures of
N,0O, and NO,, and nonequilibrium mixtures of NO,, NO and O,, with O, injection through the tube wall.
Results are reported here for pressure drop, skin friction coefficient; surface heat flux and species mass
transfer conductances; the agreement with available experimental data is satisfactory. The present method
is demonstrated to be a significant advance over methods previously used to analyze chemically reacting

turbulent tube flows.

NOMENCLATURE damping factor defined by equation
. (16);
c, molar concentration; e
RPN o K, equilibrium constants defined by
C,, skin friction coefficient ; .
. equations (20) and (21);
C,,C,, constant pressure specific heats for o f .
- L £, orward reaction rate constant for
the mixture, species i; s .
. the r’th reaction;
D, tube diameter; . .
. p . M,M, molecular weight of mixture,
2, average binary diffusion coefficient : species i
G(y}), factor defined in equation (19); pecies 1; |
. . ) m, mass fraction;
h, h,, specific enthalpy of mixture, species .
;. m, surface mass transfer rate = (pv);;
. e X ressure ;
J diffusive mass flux; 4 PIESSUre;
. .. Pr,, effective Prandtl number, defined
K, universal constant in mixing length . )
theory : by equation (8);
K* univers’al constant carrying the % conductive heat flux;
’ ying R,R*,  tube radius, u, R/v;
R, universal gas constant;
r, radial coordinate;
Sc effective Schmi
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of cylindrical coordinates x, r res-
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u, v, velocity components in direction of
boundary layer coordinates x, y
respectively ;

U, friction velocity = (/1/p:

ut, u/u,,;

W, rate of species production by chemi-
cal reaction;

X, mole fraction ;

X, streamwise coordinate ;

2 transverse coordinate measured
from wall;

yr U y/v;

y+e, dimensionless value, defined by

equation (18);
o, thermal diffusivity;
0¥, displacement thickness:
Ers Ep £, €ddy  diffusivity for transfer of
momentum, mass species and heat,
respectively ;
dimensionless momentum  dif-
fusivity, defined by equation (6);

v, v, kinematic viscosity, v/v;:

05 Pays mixture density, average value;

7, T, shear stress, reaction time of r’th
reaction ;

v, stream function ;

w, dimensionless radial coordinate,
defined by equation (22).

Subscripts

b, bulk value;

e, free stream;

i, i’th species;

0, entrance value

s, surface value;

t, ts, transferred states;

0, fully developed.

INTRODUCTION

TURBULENT flows of chemically reacting gas
mixtures inside ducts are encountered widely in
engineering practice. The situations range from
automobile afterburners to power plant stacks.
In this paper, we present a numerical procedure
for solving a broad range of turbulent tube flow
problems which incorporates the effects of
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variable properties, surface mass transfer, and
chemical reactions. Previous efforts to analyze
such flows have utilized, in large measure, the
so-called ““film theory” of chemical engineering
practice. For example, Brian and Reid [1] and
Brian [2] used this approach, further simpli-
fying the problem by linearizing the reaction
rate expression. In support of their theories
Brian et al. [3] investigated experimentally the
effects of NO, decomposition on heat transfer
from a turbulent boundary layer. The theory
proved adequate only for a narrow range of the
problem parameters. Presler [4] has reported an
experimental study of heat transfer in turbulent
tube flow for the N,0,~-NO, system, the results
showing, as expected, greatly enhanced heat
transfer rates at the wall. By using frozen
properties, it was found that the results could be
correlated by an expression of the form recom-
mended by Kays and Leung [5] for fully de-
veloped constant property flow, namely

Nu = constant - Pr®° Re% 8. (N

For turbulent flows with mass transfer at the
wall, analyses of a few simple problems have
appeared. For example, the uniform injection
problem was solved by Yuan and Galowin [6],
and that with exponential variation by Yuan
and Brogren [7]. In both instances the effects,
on turbulent transport, of such ‘“‘disturbing
factors” as variable properties and the surface
mass transfer itself were ignored. More recently
Kinney and Sparrow [8] analyzed locally self-
similar turbulent tube flow with suction. Their
eddy diffusivity model accounts for the effect of
mass transfer on turbulent transport near the
wall via a suitably modified van Driest damping
factor. Experimental work on tube flows with
injection has been reported by Yuan and Bara-
zotti [9] and by Olson and Eckert [10].

Our numerical procedure involves direct
solution, by finite difference methods, of the
partial differential equations governing con-
servation of mass species, momentum and
energy, and stems from the procedure proposed
by Patankar and Spalding [11]. Since the axial
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pressure gradient is a priori unknown, closure
of the solution procedure centers about the
treatment of the pressure gradient term in the
momentum conservation equation. Recently,
Bankston and McEligot [12] have analyzed
entrance region heat transfer to variable property
gases following exactly the closure prescription
recommended in [11]. Libby et al. [13] calcu-
lated flow development in a tube with surface
mass transfer but side-stepped the pressure
gradient problem by invoking the highly re-
strictive assumption of isothermal flow. In the
present solution procedure closure is obtained
by performing overall mass and momentum
balances on a control volume located between
successive steps in the forward integration. An
additional feature of our solution procedure is
the incorporation of an improved eddy diffusivity
model which accommodates near wall dis-
turbances arising from property variations and
surface mass transfer.

Solutions have been obtained for turbulent
tube flows of non-reacting air, equilibrium
mixtures of N,0,~NQO,, and nonequilibrium
mixtures of NO,~NO-O,. The effects of surface
mass transfer were studied for both the injection
of inert air into air, and for the injection of O,
into NO,-NO-O, mixtures. Results are pre-
sented for the skin friction coefficient and
pressure drop, the surface heat flux and the mass
transfer conductance. Sample profiles of velocity,
effective eddy diffusivity, temperature and mass
fraction are also displayed. Where profitable,
comparisons are made with experimental data.

ANALYSIS AND NUMERICAL PROCEDURE

Physical model and coordinate system
The physical situation and the coordinate
system are depicted in Fig. 1. The hydrodynamic

F1G. 1. Definition of coordinate systems.
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condition at the tube entrance is axisymmetric
and time-mean steady, the velocity profile being
either uniform or fully developed. The multi-
component gas mixture enters the tube in
thermodynamic equilibrium, its temperature,
pressure and chemical state being uniform across
the flow. The entering flow is, for x > 0, per-
turbed by conditions at the wall, i.e. drag, surface
mass transfer and changes in wall temperature.
Illustrated in the figure are usuval cylindrical
coordinates (x,r) for axisymmetric flow: the
corresponding velocity components are (v,, v,).
Also shown are “boundary layer” coordinates
(x,y), where y = R — r, with corresponding
velocity components (u, v), where u = v, and
v = — v,. The normalized cross-stream coordi-
nate 0 < w < 1 will be discussed later.

Conservation equations

We assume that the multicomponent mixture
is effectively binary with equal diffusion coeffi-
cients, and that second order correlations of the
fluctuating components of the dependent vari-
ables can be approximated by introducing eddy
diffusivities. The conservation equations are
written in a form convenient to our purposes as

J 0
3 [PUR = )] — 3y lpoR =] =0 (2)

ou 0 ou 1 _a-
Yo% p'ﬁy—(R—y)ay
du] dp
—_— + [ — — ——
X [pV(R ye oy | ax 3
om; ) om; 1 0
P ax p'éy—(R—y)(?y
pv(R — y) amﬂ \
il L w (4
% [ Sc, oy | W@
oh oh | QG
L R —
pUS = PO & " R=ydy {pV( y)

y 10h+<L_L>zh%]}
Pr, oy Sc, Pr./; 'oy

a 2
+ u~d£ + pve? (—u) (5)
dx
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where we have neglected
(i) axial diffusion of momentum, mass
species and thermal energy,
(i) body forces and cross-stream pressure
gradients,
(iii) turbulent fluctuations in the transport
properties, and
(iv) pressure and thermal diffusion and dif-
fusional conduction.
The quantities p, u, v, p, h, etc, are time-
averaged and the total dimensionless transport
properties are defined as

et = 14 (6)
‘j
1 1 1
- 7
Se, v/2 + v/ep @
1 1 1
=— 4 —. 8
Pr, v/a + v/ey ®

In terms of the frozen specific heat C, =
Ym,C »i- €quation (5) may be written alternatively

_ v@T_ 1 i pv(R—y)ath
e TR—poy| Pr. oy

as

oT
pu ox

L ul, (), TG,
C,dx C, \dy C,Pr, dy oy
1 .

- =Y kW, 9

Cp;hlwl 9

Boundary conditions for the flow are
at y = R:

v, = du/0y = dm/0y = dh/dy = 6T/dy = 0 (10)
aty =0:

u =0, — pv, = m(x)
rhmi,ts = mmi,s + ji,s

mh, =mh,+q, orT =T, (11)

where, for the moment, we write down after
Spalding (e.g. see [14]), general expressions for
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conservation of mass species and energy at the
wall. More specific forms of these boundary
conditions will be stated later upon introducing
the problem situations considered in this paper.

At x = 0 we considered two possibilities for
the velocity profiles:

(0, y) = u, = vRey/2R (12)
or

u™(0,y*) = y* in the wall region

u®(0,y*) = 87(y*) in the outer region (13)
where

ut = ufu, = ul/(t/p)
vt =yJdp)v
tJ/p = 00395 uZRe; = 0:0395(v/2R)*Rei.

For mass species

m{0, y) = m; , (equilibrium) (14)
and for thermal energy
T(O,y) = To. (15)

Before discussing the overall method of
solution, we present the eddy diffusivity formu-
lation and specify the chemical systems con-
sidered.

Eddy diffusivity formulation

In the present treatment, ¢, &, and &y are
assumed equal and a new formulation for the
dimensionless total diffusivity e™ = 1 + g,,/v is
proposed. (The formulation is based on mixing
length theory and extends the near wall result of
van Driest [15]; thus, it applies as well to
external flows.) From the definition of the
friction velocity u,

u? = (J1/p)* = W1 + &y/v) (Ou/dy) = ve* du/dy

which result, when normalized with respect to
wall values, becomes

@) = (u/u,)® = (v/v) (" )ou/u)dyu./v)

=vtetout/oy*
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where, paralleling van Driest,

e" ~ 1 =gy/v = (K" 2y*?/y*) (0u* /0y™)
with, however, the added feature that the
damping factor K* is defined such that y is
made dimensionless using the local shear stress
rather than the wall value:

K*/K = 1-exp[ - y/(26v/u,)]
= l-exp[— y* /(26v* /u})]. (16)
Eliminating du* /dy* from the above expressions,
et =Hl1+ [1+4K*y* " (17

where

++

yrr=ulyt vt (18)

We observe that equation (17) satisfies the basic
requirement that ¢* = 1 at the wall; further-
more, ¢* = K*y** as y** becomes large. In
addition, the Reichardt-FElrod criterion [16, 17]
is also satisfied, namely, ¢, varies like y* as
y—0.

Owing to the lack of a suitable rationale and
a paucity of experimental data, an improved
formulation for the outer flow was not pursued.
Instead, Reichardt’s expression [16] for tube
flow,

et =14 Gy [1 — (1 —y*/R")
[1+2(1 —y*/R"?] (19)

was matched, through G(y{), to the inner ex-
pression. It is the matching procedure which is

—— Present formulation with mass transfer
Present formuiation and others, impermeable wall
o Stanford data (BL2, v}=0)

4 Stanford data (BLI, vt =0)

4. Stanford data (BL2,r1=0-1606)
*  Stanford data(BLI, vy} =0-6591)

3
19°1" Deissler: e*=1+0-0154 4"y - exp=001544*4 )]
Mellor 1€ "=1+(ky "/ [(Ky )1*(6-9F] N
Van Driest 1€t =1+4%*2 [I-exp(—y " /26)]? :’_}l/l’” s0e%
102

(BL2,v} =0-1608)

Present
formuiation

103

FiG. 2. Comparison of various effective diffusivity expres-

sions for incompressible impermeable wall flows and for

boundary layer flows with various mass transfer rates
computed from the present formulation.
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unique to the present formulation. By definition
R* = Ru,/v, and the function G(y;) depends
on the particular flow situation, being equal to
KR™ /6 for the special case of a constant prop-
erty flow. In general, G(y;) would be deter-
mined by the requirement that ¢ be continuous
at the match point y;. The actual value of y;
hinges on the postulate that the choice yield a
self-consistent interpretation of experimental
data. We therefore assume that y; is indepen-
dent of compressibility effects, physical property
variations, pressure gradient, and surface mass
transfer ; the corresponding “undisturbed” flow
is termed a “‘reference flow”. The procedure
for calculating the eddy diffusivity profile for a
general flow is then
(i) Assign y; consistent with the require-
ment that ¢* for the reference flow be
continuous.
(i) Obtain, in terms of y;, y; * and hence
&, for the actual flow, using equations (17)
and (18).
(iii) Introduce y; and ¢} into equation (19)
and solve for G(y;).

The above formulation has been used for
examples of boundary layer as well as tube flows,
with and without mass transfer at the wall. (For
an external boundary layer equation (19), after

+

25
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Clauser [18], is replaced by the simpler form
¢* =1+ F(y;) where F(y;) = 0018 u}(6*)*
for constant property flow along a flat plate.)
Results are presented in Figs. 2-4 and com-
parisons are made, where possible, with the
Stanford experimental data [19]. From Fig. 2,
it is seen that for constant property boundary
layer flows the present formulation is possibly
an improvement over previous formulations.
For injection the predictions remain satisfactory

103

v:-OGSSI(mJecnon)

102~ y,*= 01606 (injection) ~

v}=00588(injection) ~ |

vi=0
"yt =-00(suction)
v =-00256 (suction)

o
S

! I

102 10®
+

¥

F1G. 3. Effective diffusivity computed from the new formula-
tion for tube flows with various mass transfer rates.
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even at higher blowing rates. Although data
are not available for comparisons with the tube
flow predictions, Fig. 3 is included to illustrate
the effects of injection. Figure 4 presents com-
parisons of velocity profiles as calculated by
means of the present method with those
obtained from the Stanford data and other
formulations.

Chemical systems and wall conditions
In the present work, three distinct chemical
systems were studied :
A. Non-reacting air
B. The equilibrium reaction (I):
N,O, = 2NO,
C. The nonequilibrium reaction (II):
2NO, = 2NO + O,

For case C, the additional effect of heterogeneous
reaction at the wall was included; while, for
cases A and C the effects of injecting air and O,,
respectively, were studied.

With regard to reaction I, it is well known
that the forward and reverse rate constants are
very large, even at room temperature; further-
more, the reaction is essentially driven to com-
pletion as the temperature is increased before
reaction II proceeds at measurable rates. Thus
the reactions may be studied separately. With
these points in mind, we now complete the
mathematical formulation of the problems to
be solved.

A. Nonreacting air. For this case, since air
was the only species injected, equation (4) was
not required and the wall boundary conditions
were assigned as

pU I y=0 = m(x)
and

T(x,0) = T, or g(x,0) = g,

B. The equilibrium system N,0,-NO,.
According to Giauque and Kemp [20], Boden-
stein and Boées [21], and composition data as
tabulated in Svhela and Brokaw [22], the
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equilibrium constant for reaction I is

- PMMy.0, , Mo,

2
XN,04 Mgyo, N,

= 16 x 10'% exp-[ — 12 000/T(°R)] Ib./ft2. (20)

2
M _. PXNo,
Ky =

Since the homogeneous rate constants are large,
catalytic effects at the wall are inconsequential ;
thus, equilibrium may be presumed throughout
and equation (4) eliminated in favor of equation
(20). Furthermore, for this case we chose not to
consider mass transfer at the wall [ri(x) = 0]
and assigned uniform wall temperatures [T(x, 0)
= T,], solving equation (9) rather than (5).

C. The nonequilibrium systen NO,-NO-0,.
According to Rosser and Wise [23] and Ash-
more and Burnett [24], the decomposition of
NO, is second order with rate expression

deno,

= =4 x 1012 6},

exp[— 26 900/2T(°K)] g-moles/cm3s

from which the forward reaction rate constant
was calculated to be

K = 3204 x 10'° exp[ — 24 400/ T(°R)]
ft3/1b,,-mole-s.
From [20-22]
KO = leeloxoz _ pPMM I%IOZ . mr%zomoz
? xglo; MI%IOMOZ mfioz
=16 x 10! exp[ — 25 000/T(°R)] Ib;/ft>. (21)

The above expressions hold for the temperature
range 540°R < T < 2300°R.
The resulting species production terms W, are

WN02= - ZPMNOZ(K(")mY%XOz - mr%:omoz)/‘f(“)
WNO- = - MNO WNOZ/ 2MNO;
Woz = - M02 WNOz/zMNOz

where

K™ = M{oM Ongl)/ PMMgyo,
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and
o™ = MRoMo, KW/ ppMAY.

In addition to reaction 1I, catalytic effects at
the wall, for a cupric-oxide on alumina catalyst,
were investigated for which Wilkstrom and
Nobe [25] and Sourirajan and Accomazzo [26]
have shown that the rate constant for NO,
decomposition is

k™ = 10° exp[ — 30,400/ T(°R)] Ib,/fit’s.

In such an event, we will term the wall “partially
catalytic”; otherwise the wall will be termed
“non-catalytic” or “fully catalytic” (reaction
II in equilibrium).

Based on the above discussion, the boundary
conditions for equation (4) are (noting that one
species equation is redundant)

MNoyes = MNos = 0; Mg, s = 1

for the non-catalytic wall. For the fully catalytic
wall

2 2 _ gt
Moo, /Mo, = K

Myo,is = — MyoMno,, /Mo,
Myg, + Myo + Mg, =1

while for the partially catalytic wall,
mNOz,tsm = kgzl)
Myo st = — Myok®/M NO;
Myo, + My + Mg, = 1.

The thermal boundary condition, applied to
equation (9), was T = T, which in all cases
was taken to be constant.

Thermophysical properties

The thermodynamic properties were compu-
ted assuming an ideal gas mixture. The in-
dividual specific heats were obtained from the
JANATF tables [27], while their heats of forma-
tion were taken from Svhela and Brokaw {22].
Transport properties for the individual species
were computed according to the Chapman-
Enskog kinetic theory of gases. The Lennard-
Jones interaction potential was assumed with
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the force constants taken from [28]. The mix-
ture viscosity was computed according to
Wilke [29], the frozen thermal conductivity
according to Mason and Saxena [30] (dropping
the factor 1:065), and the effective diffusion
coefficient by means of an arithmetic average of
the binary values.

Method of solution

A detailed treatment is given in [31]; briefly
the method of solution was as follows. Equa-
tions (2)+4) and (5) or (9) were reformulated in
terms of coordinates (x, w) where

W = — Y)r — ) = \' pu(R — y)dy/ Ay
(22)

and the stream function y satisfies the relations
pu(R — y) = dy/dy and p R — y) = OYr/ox.

Use of equation (22), as shown in [32], enables
more accurate numerical solutions than the
familiar Patankar—Spalding transformation [11]
since du/dw = [2wdAy/pu(R — y)]ou/0w and, for
that matter, all w-derivatives remain bounded
as ®w — 0. Such is not the case for the P-$
transformation, where relatively larger trun-
cation errors in finite difference approximations
of the transformed equations are introduced at
node-points near the wall. The nonlinear trans-
formation has the added advantage that the
accuracy of wall gradients, which are extracted
from polynomial fits to the near-wall numerical
data directly in the x-w plane, for example,

ou/dyl ,—o = lim [pu(R — y)2wAY]du/de
w0

= (puR/24Y) (du/dw)?

is consistent with that of the numerical data
itself.

From equation (22) it is seen that (R — y)dy
= 2wAydw/pu and hence, that

y=R— J[R* — 44y g (w/pwde]. (23)
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In these terms, it may easily be shown that
equations (3)—5) and (9) assume the general form

ov, 18 v, dy,
ox [ ("’W} © Ay dx

L2 (ce,

T wéw (w 0 >+ S 29)
where

b (dy, , 44y
F(y) = 2Al// ( w d—x) (25)

and

¢ = (pV) (pw) [(R — y)24y]1%.  (26)

The quantities V,, C, and §, are defined in
Table 1.
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where i=23...,1—1;i=1 denoting the
tube wall and i = [ the centerline. For i == 2 or
1 — 1, boundary values for V¥, are introduced
on the right hand side of equation (27). When
these are unknown in advance, as is the case in
general at w =1 and, depending on the wall
boundary condition specified, occasionally at
w =10, they are eliminated algebraically in
terms of forward difference expressions involv-
ing values at the interior node points, for
example,

Viti=0¢1 Voo + By

The numerical solution was advanced, without

Vis; + 71 (28)

Table 1. Identification of dependent variables V,, coefficients C,, and source terms
S, in equation (24}

n V;, C,, Sn
1 u et —(dp/dx)/pu
25 m; Selt W./pu
1dp u ¢ 14TaC,
6 T  Pr’t AN NS 4
L {p dx puz,- ¢e ( 6w> Pr,w? 80 0w

Pr;t 1o

¢ om; 1dp
wﬁw{ (§ B ﬂ)zh' 6&)] +;E

1 Gu
o (wa>

Equation (24) was solved numerically using
finite difference methods. Briefly, this was done
as follows. The cross-stream derivatives were
approximated by means of implicit three-point
difference analogs in terms of node point
locations (x;: w;_;, w; w;;,), linearizing the
resulting algebraic forms by evaluating position-
dependent coefficients at the upstream station
x;-;. Upon introducing a backward difference
expression for OV,/0x, evaluating the source
terms upstream, and collecting terms, equation
(24) assumes the algebraic form

Vaij = Anijot Vaivr,j + Boija Vo,

n,i,j
+D 7

n,i, -1

iteration, from x;_, to x; as follows:
(i) Obtain, by means of the expression

Xj
AY; = Ay;_, — | mR dx, the mass
flow rate at x

(ii) Extract, by means of an overall momen-
tum balance (see discussion below), the
axial pressure gradient dp/dx.

(iii) Compute coefficients 4, ;; ;, B,;; ; and
D, ;; 1» modifying as required the coeffi-
cients at i = 2 or I — 1 as suggested by
eliminating, say, ¥, ; in equation (27)
by means of equation (28).
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(iv) Solve, by means of successive substitu-
tion [11], the set of algebraic equations
27).

(v) Calculate V,;; and, depending on the
type of boundary condition at the wall,
Var1,j OF juy s

(vi) Calculate, by means of equation (23).
values of y; ; corresponding to the fixed
set of node points w,.

(vii) Repeat steps (i)~(vi).

Axial pressure gradient

As mentioned above, dp/dx was extracted
from an overall momentum balance. The ex-
pression used

dp 4 2 Ap)\?
dx v+ R pfx; —x; )|\ R

A\ ﬁj] }
(N Py b )
<y1,j~1> Pit I e
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where

R

R
p = | pu(R — ydy/ [ w(R — y)dy
0 0

was structured so as to maintain y; = R. (To
avoid iteration, p; was obtained in terms of a
weighted linear combination of p; , and g, .)

Note that if by numerical error y;; ; < R,
|dp/dx\ will be reduced for the next computa-
tional step and the correct value, R, will be
approached. For y,., >R the opposite is
true. Thus, using equation (29) not only gives a
proper closure to the mathematical problem,
but also provides means for stabilizing the
numerical procedure.

RESULTS AND DISCUSSION

The numerical method developed allows
engineering data to be obtained for a very wide
range of problems. Our intention here is not to

Table 2. Case specifications for nonreacting air

Thermal conditions

Entrance
Identification Reynglds Entrance Wall Remarks
number R) (°R)
Al 576 x 10° 560 560 Hydrodynamically developing
A2 1-115 x 10* 560 560 with zero mass iniection
A3 463 x 10* 560 560
A4 921 x 10* 560 560
A5 2:76 x 10° 560 560
A6 829 x 10° 560 560
A7 1-26 x 108 560 560
(v/up)
Initial (x/D) = 313
A8 4-63 x 10* 560 560 0 0
A9 463 x 10* 560 560 141 x 1073 120 x 107°
Al0 463 x 10* 560 560 2-82 2-08
All 463 x 10* 560 560 4:22 276
Al2 463 x 10* 560 560 5-63 336
Al3 4-63 x 104 560 560 8:44 4-10
Al4 576 x 103 560 600 Pr =0721
AlS5 1-15 x 10* 560 600 Pr = 0721
Al6 463 x 104 560 600 Pr =0721
Al7 555 x 10° 560 600 Pr = 0721
Al18 126 x 10° 560 600 Pr =0-721
A19 4-63 x 10* 560 —0-1 Btu/ft?s Pr =0721
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present such data, but rather to demonstrate the
versatility of the method with selected results for
a variety of situations. In order to gain confi-
dence in the numerical procedures, comparisons
will be made with established prediction formu-
lae and experimental data. Tables 24 present
the detailed specifications of the flow cases
considered. The serial letters A, B and C are
used to designate the nonreacting, the equilib-
rium and the nonequilibrium systems, respec-
tively. The numerical procedures are considered
to be accurate to within a few per cent and
unquestionably are as accurate as the physical
property information and the chemical kinetics.
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F1G. 5. Skin friction coefficient vs. Reynolds number (air).
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F16. 6. Skin friction coefficient vs, x/D for various Reynolds
numbers (air).
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F1G. 8. Pressure drop vs. x/D for various injection rates (air).



2074 Y. C. WU. A, F. MILLS and V. E. DENNY

Iy

| AlS Re=115 . 10"

‘ AlS AlB, I3  Re=463 .10

20 Y AlS L] Mills [35} (constant wall heat flux, bellmouth
A6 with boundary layer trips, A
\ ! e =3 03410 and 7-87 <10% respectively)
. A—-—A Deissler [§3](consvum wall temperature)
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F1G. 9. Nusselt number ratio for simultaneous development of hydro-
dynamic and thermal entrance region (air).

The dimensionless groups, in terms of which
momentum, mass and heat transfer data are
conventionally presented, involve fluid prop-
erties. For variable property, chemically react-
ing, flows the appropriate condition at which
these properties should be evaluated is not at all
self-evident. For example, the temperature and
composition could be evaluated as bulk values,
wall values, or at some empirical reference
state. Thus the Nusselt number tends to lose
much of its significance for chemically reacting
flows, though, casting results in this form does

AIB.
10% = Pr =0721
F Al7
I o
S
102 AI9‘
- AlS
u Mo =0-02] Pro6 fpg°®
RYNE
L)l S A | Ll
10 104 10% 108
re

F1G. 10. Nusselt number vs. Reynoeilds number (air).

allow qualitative comparison of reacting flow
data with the established correlations for inert
flow. For reacting flows the viewpoint is taken
here that it is actual wall shear stress, wall heat
flux, etc., which are of the greatest importance
and thus should be easily recoverable from the
dimensionless correlations. Since, in most of the

(a) Low wall temperature, SO0 R
Bl  Re=145xt0%
B3,87 Re=5-80x10%
B5 Re=26I10°
S
N
2
87
S
'8 (b} High walt temperature , 700 R
I'5)
B2 Ae=-45x10°
14 -B2 "
8 B4 Re=580xI0
3 3 -B4
< B6 Re=26Ix10°
2 12l
B} o
o=
L I
¢ 10 20
1/17

FI1G. 11. Nusselt number ratio based on conduction wall heat
flux vs. x/D (N,0, = 2NO,).
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Fi1G. 13. Nusselt number based on total wall heat flux vs.
Reynolds number (N,0, = 2NO,).
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cases studied, the wall temperature was speci- bulk density as it was expected that good agree-
fied, properties were evaluated at the wall ment with nonreacting flow correlations could
temperature. An exception was the skin friction be thereby obtained. The computed data for
coefficient C, which was defined in terms of the the three chemical systems are presented in

Figs. 5-19. A brief discussion of these results

follows.
10° —
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FiG. 16. Conduction wall heat flux vs. x/D for various
injection rates of O,—low wall temperature FiG. 18. Nusselt number based on conduction wall heat
(2NO, = 2NO + 0,). flux  vs. Reynolds number (2NO, < 2NO + O,).
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FiG. 17. Conduction wall heat flux vs. x/D for various
injection rates of O,—high wall temperature FiG. 19. Nusselt number based on total wall heat flux vs.
(2NQ,; = 2NO + 0,). Reynolds number (2NO,; £ 2NO + O,).
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A. Nonreacting air (constant properties). The
results for air flow are shown in Figs. 5-10.
Figure 5 compares the fully developed skin
friction coefficients to the Blasius formula in its
range of validity, and the accepted correlation
for smooth tubes at higher Reynolds numbers;
the agreement is excellent. Figure 6 shows the
approach of C, to the fully developed value, as
x/D becomes large, for various Reynolds num-
bers. Some of the results of Deissler [33], as
given by Knudsen and Katz [34], are also
shown. Deissler computed two different skin
friction coefficients, one based on the local wall
shear and the other on the local static pressure
gradient; these differ by the momentum change
associated with the developing velocity profile
in the entrance region. The present results lie
between these two values, and indicate a slightly
longer entry region. Considering the detailed
differences in which the calculations were
initialized, the comparison is satisfactory.

The results for injection into a hydrodynami-
cally developing entrance region flow are shown
in Figs. 7 and 8. In Fig. 8 a comparison is made
with the experimental data of Olson and
Eckert [10]; the agreement is satisfactory in
view of the fact that, in the experiments, the
flow was fully developed hydrodynamically
before injection commenced. A more direct
comparison with the data of [10] was not
possible since, although a wide range of Rey-
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nolds number was covered, the values were not
specifically indicated in this paper.

Figure 9 shows the results for simultaneous
thermal and hydrodynamic development, in
the form of the ratio Nu/Nu_ as a function of
x/D, for both uniform wall temperature and
uniform heat flux. Also shown are some analyti-
cal predictions of Deissler [33] and experi-
mental data of Mills [35]. The discrepancies
are partially due to a difference in Reynolds
number, but more due to the nature of the
boundary layer trip employed, as explained in
[35]. The uniform wall temperature predictions
of Deissler [33], which agree very well with the
experimental data of Boelter et al. [36], lie well
below the results of the present calculations.
But it must be noted that Boelter et al., used a
bellmouth entrance with screens to trigger
transition at the entrance; as noted in [35],
this procedure is not as effective as boundary
layer trips and thus the present results may
better represent the flow situation under con-
sideration.

The fully developed Nusselt number for a
uniform wall temperature is shown in Fig. 10
for various Reynolds numbers. The results agree
well with the Kays correlation [14], equation
(1). One data point for uniform wall heat flux
is also shown. The latter value is seen to be
slightly higher than those for uniform wall
temperature. This result is consistent with the

Table 3. Case specifications for the equilibrium system N,O, = 2NO,

Thermal conditions

Entrance
Identification I;?;EI;S Entrance Wall Chemical state

(’R) (°R)

Bl 1-45 x 10* 648 600 Equilibrium reaction, fully catalytic

B2 145 x 10 648 700 wall

B3 580 x 10* 648 600

B4 5-80 x 10* 648 700

BS 2:61 x 10* 648 600

B6 2:61 x 10* 648 700

B7 5-80 x 10* 648 600 Frozen flow, noncatalytic wall

B8 580 x 10* 648 700
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Kays correlations (a coefficient of 0021 for
uniform temperature and 0-022 for uniform
heat flux). All the fully developed values are at
x/D = 31-3.

B. The equilibrium system N,0O, = 2NO,. The
results for this system are shown in Figs. 11-13.
Figure 11 shows the variation, in the entrance
region, of the Nusselt number based on the
conduction component of the surface energy
flux, Nu = [(T — T,/T, — T,)/o(y/D)], As be-
fore, Nu,, is taken as the value of Nu at x/D =
31-3. The behavior of Nu is similar for both
cooling, Fig. 11(a), and heating, Fig. 11(b). In
both cases, at lower Reynolds numbers, the
Nusselt number approaches the fully developed
value more rapidly at small x/D. It may also be
noted by comparing Figs. 9 and 11, that the
thermal development is more rapid in the case
of chemical reaction as compared with non-
reacting flow.

The fully developed Nusselt numbers based
on conduction heat flux and total heat flux are
shown in Figs. 12 and 13 respectively. The
former is seen to be well correlated by the
formula suggested by Kays [14], i.e. equation
(1) with the proportionality constant equal to
0-021. However, the curve for cooling does lie
slightly below the curve for heating: the curves
tend to merge at high Reynolds numbers. This
effect is due to property changes induced by
variations in composition and temperature. If
attention is directed to the runs with the same
initial Reynolds number, it can be seen that the
resulting Nusselt number is actually higher in
the case of cooling (due to a decrease in thermal
conductivity). However, the increase in Reynolds
number (due to a decrease in viscosity) over-
shadowed the thermal conductivity effect. Fig-
ure 13 indicates that the Nusselt number based
on the total heat flux is much higher than that
based on the conduction heat flux only. The
additional contribution is of course due to
species interdiffusion in the equilibrium mix-
ture. It is clear from the figure that a Kays type
correlation can still be used provided the
proportionality constant is modified. It can

Y. C. WU, A. F. MILLS and V. E. DENNY

also be seen that the Nusselt number in the case
of cooling has the highest value and agrees very
well with Presler’s [4] experimental data for
low wall temperatures. The Nusselt number for
heating is much lower and agrees well with
Presler’s data for high wall temperatures. It is
noted that Presler’s experiments were conducted
under uniform wall heat flux conditions with
the wall temperature varying from 650° to
1030°R.

C. The nonequilibrium system 2NO, = 2NO
+ O,. The results for this chemical system are
shown in Figs. 14-19. The detailed specifications
of the individual cases are listed in Table 4,
where it may be seen that there are two major
groups: one with injection of O,, and the other
with zero mass transfer. Figure 14 illustrates the
typical development of the temperature profiles,
at various x/D locations, for the low wall tem-
perature case and injection of O,. It is seen that
the temperature profiles first lie above, but
then gradually fall below the wall temperature
level. This leads to the wall heat flux situation
shown in Fig. 16, which indicates that heat is
initially transferred from the fluid, but finally
reverses direction and is transferred to the fluid.
This behavior is initially due to both the cooling
effect of the injectant and the acceleration in
the streamwise direction; later of course only
the latter effect is present. This behavior can
also be seen from Fig. 15, which shows the
bulk temperature change in the flow direction,
and from Fig. 17 which is the conduction wall
heat flux at various x/D positions for the high
wall temperature case. Particularly noteworthy
are the marked effects of injection on the bulk
temperature, and the heat flux change in the
vicinity of x/D = 1-3.

The fully developed Nusselt numbers based
on conduction heat flux and on total wall heat
flux are shown in Figs. 18 and 19 respectively.
Figure 18 shows that the low wall temperature
data are well correlated by the Kays formula,
whereas the correlation of the high wall tem-
perature data is not as good. Again the Nusselt
number based on total wall heat flux exhibits the
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Table 4. Case specifications for the nonequilibrium system 2NO, = 2NO + O,
Entrance Thermal condition
. . Chemical
Identification I:l?';ggs Entrance Wall State Remarks
(R) CR)
Ci 822 x 103 1440 1300 Nonequilibrium No mass transfer
C2 822 x 103 1440 1600 reaction with No mass transfer
C3 247 x 10* 1440 1300 a fully catalytic No mass transfer
C4 247 x 10* 1440 1600 wall No mass transfer
C5 493 x 10* 1440 1300 No mass transfer
Cé6 493 x 10* 1440 1600 No mass transfer
M/ pythy
Initial x/D = 31-3
C7 247 x 104 1440 1300 Nonequilibrium 2:55 x 1073 193 x 1073
C8 2:47 x 10* 1440 1300 reaction with 5-10 311
C9 247 x 10* 1440 1300 a fully catalytic 7-64 391
C10 2:47 x 10* 1440 1600 wall 2-55 193
Ci1 247 x 104 1440 1600 510 311
C12 2:47 x 10* 1440 1600 7-64 391
Ci13 247 x 10* 1440 1300 No mass transfer
Cl4 247 x 10* 1440 1600 No mass transfer
C15 2:47 x 104 1440 1300 Frozen flow with a No mass transfer
C16 2:47 x 10* 1440 1600 noncatalytic wall No mass transfer

same trend as that based on the conduction
flux, but is at a much higher level.

CONCLUSIONS

Our results show that the present numerical
method and resulting computer program is
quite satisfactory for the types of problems
under consideration. For all the chemical
systems, which included nonreacting air, the
equilibrium system N,O, = 2NO, and the
nonequilibrium system 2NO, = 2NO + O,,
the agreement with experimental data is satis-
factory. The accuracy is more than adequate
for engineering purposes. We conclude that the
program will indeed serve the purpose of
providing a general and economical method
for solving turbulent tube flow problems with
chemical reactions and surface mass transfer.
It is expected that the program can be easily
used for other chemical systems of a similar
nature to those considered here.

From the inherent assumptions and special
techniques incorporated into the final program,

the following conclusions may be drawn

(i) For turbulent tube flow problems, in
which the flow variables do not change
too rapidly in the streamwise direction,
linearization of the governing partial
differential equations by evaluating the
coefficients and source terms at the
upstream station, and solution of the
difference equations by a forward march-
ing technique, yields results which are
accurate enough for engineering pur-
poses.

(i) The evaluation of the pressure gradient
term in the momentum conservation
equation by means of mass and momen-
tum balances between consecutive
stations is a correct closure of the
problem. The use of a slightly variable
cross-sectional area in the momentum
balance is an effective method for stabi-
lizing the numerical computation.

(iii) The present formulation for the eddy
diffusivity and the procedures for its
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10.

13.

4.

15.

17.

i8.

computation for the complete flow region
of a boundary layer like flow appear to
be quite satisfactory.
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ECOULEMENT TURBULENT D’'UN MELANGE DE GAZ EN REACTION D’EQUILIBRE
OU NON DANS UN TUBE AVEC TRANSFERT MASSIQUE PARIETAL

Résumé—Une méthode aux différences finies a été appliquée i des écoulements turbulents dans un tube
pour des mélanges binaires de gaz idéaux en réaction chimique d’équilibre ou non et avec une injection
de masse 4 la paroi du tube. On néglige la diffusion axiale des espéces, de la quantité de mouvement et de
I’énergie thermique de fagon & obtenir des équations paraboliques de conservation. La formulation de
Van Driest pour la diffusivité par turbulence a été étendue pour inclure les effets des propriétés physiques
variables et le transfert massique superficiel. On a développé les procédures de calcul pour introduire le
modéle de diffusivité par turbulence a la fois dans les écoulements a couche limite interne et externe.

La méthode numérique globale a été appliquée A des écoulements d’air seul, de mélanges équilibrés de
N,O, et NO, et des mélanges hors d’équilibre ou non de NO,, NO et O,, avec injection de O, a travers

la paroi du tube.

TURBULENTE STROMUNG VON GASGEMISCHEN MIT GLEICHGEWICHTS- UND
NICHTGLEICHGEWICHTS-REAKTIONEN IN EINEM ROHR BEI STOFFAUSTAUSCH
MIT DER OBERFLACHE

Zusammenfassung—Es wurde eine Differenzenmethode entwickelt zur Losung von turbulenten Rohr-
stromungen von Zweistoff-Gasgemischen (ideales Gas) mit chemischen Gleichgewichts- oder Nicht-
gleichgewichts-Reaktionen und mit Massenzufuhr von der Rohrwand. Der axiale Diffusionsaustausch
von Masse, Impuls und Wirme wurde vernachlissigt, um parabolische Gleichungen bei den Erhaltungs-
sitzen zu bekommen. Der Ansatz von van Driest fiir den zusitzlichen Austauschkoeffizienten wurde
erweitert, um auch die Auswirkungen variabler Stoffeigenschaften und des Massenaustauschs mit der
Oberfliche zu erfassen. Es wurden Rechenprozeduren entworfen, die den Ansatz fiir den zusitzlichen
Austauschkoeffizienten in die Berechnungen turbulenter Stromung bei Grenzschichten von durchstrémten
und umstrémten Korpern einfiihren.

Die allgemeine numerische Methode wurde angewandt auf Stromungen von nichtreagierender Luft,
Gleichgewichts-Mischungen von N,0, und NO, und Mischungen im Nichtgleichgewicht von NO,, NO

und O,, mit O,-Zufithrung durch die Rohrwand.

TYPBYJEHTHOE TEYEHUE T'A30BbIX CMECEN ITPU HAJUYUU
PABHOBECHBIX I HEPABHOBECHBIX PEAKIMI B TPYBE NP HAJINYUN
MACCOOEMEHA HA NMOBEPXHOCTH

Anpsoranua—Pa3spatoraH KOHeYHO-PA3HOCTHHI METOJ JJIA peilleHUA TYypOYIEHTHBIX IOTOKOB
3¢PeKTHBHO GMHAPHHX NAeaNbHEX ra30BHX cMecell B Tpy6e npu HAIMYMKH PABHOBECHHIX MU
HepABHOBECHH X XMMUYECKUX pearuuil, a TaKie MPHU HAJIMYMM BIyBa 4Yepe3 CTeHKU TPYGH.
IIpu BEIBOJE OCHOBHHIX NapaloauuyecKMX ypaBHEHMH cOXpaHeHUA npeHeGperaeTcsi 0CeBOit
mud@ysuelt MaccH, KOJINYECTBOM IBHMKEHHA U TeIuoBoi aHeprueit. OGoGmieHo BEIpaskeHHe
Ban-Ipucra ana koaddunuenra TypGynentHoit nuddysnun ¢ yuéToM nepeMeHHBIX CBOKCTB M
mMaccooOMeHa Ha mnoBepxHocTu. PaspaboraHa uuClIeHHas cxeMa pacuéra TypOyJeHTHBIX
TIOTOKOB KAaK JJIA BHYTPeHHUX, TAK Y JUIA BHEINHHX NOTPAHNYHBIX CIIOEB.

OO6muit YMCIeHHLN METON UCIIOJIb3YETCA AJIA TMOTOKOB Hepearnpywilero Bo3gyXa, paBHO-
BecHHX cMecelt N20O4 n NO2, HepaBHoBecHHX cMecelt NOz, NO u O npu sayse O: uepes

CTEeHKY TPYOH.
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